Jurgen Jost
Editor

Bernhard Riemann
On the Hypotheses Which
Lie at the Bases of Geometry

k‘:‘?"} . oo
20 Birkhauser



Contents

1 INtroduction .........c.ooiiiiiiiii i 1
2 Historical Introduction .................coiiiiiiiiiiiiii e 9
2.1 The Space Problem in Physics, from Aristotle to Newton ................... 9
2.2 Kant’s Philosophy of Space .........cccooiiiiiiiiiiiiiiiiiiic 17
2.3 Euclidean Space as the Basic Model .............coooiiiiiiiiiniiicinn, 24

2.4 The Development of Geometry: Non-Euclidian and Differential
CHCOMCTEY st s s a5 A TR 8 A B w1 25
2.5 The Story of Riemann’s Habilitation Address .............cccoeevnviiinennne. 27
3 Riemann’s TeXt ........occoieneiiinmeneiiiieinniosensamasansnebesssenassnsssssnis 29
4 Presentationof the Text ..........cooccviiiiiiniiiiiiiiiiiiiiia o 43
4.1  ShOIt SUMMAIY .. ..ottt ettt e e r e e e e eeeenans 43
4.2 The Main Results of the TexXt..........ooiiiiiiiiiiiiiiiii i 44
4.3 Riemann’s Reasoning .........oo.oviiiiiiiiiiiiiiiiiiiiecn e 45
4.4 Mathematical COMMENTATY ... .vveretiiiteeeeiiiiireeessiiaieeaeennn 62
4.4.1 The ConceptofaManifold ...........ccovviiiiiiiiiiiiiiiin.n, 63
442 TensorCalculus.....oooevuiiiiiiiiiiii i 67
443  MEtric SIrUCLUTES . .o.uveeiieeiet it iee e e rneeees 72
448  GEOUSIC CULVES. s s comnin i s ¢ Gassmms 3 owamses soasmmg i pEvemess io s 74
4.4.5 Normal COOrdINAtes v s sasussss o rammuss promenss sxmmwmey s § cra 79
44,6 Riemann’s Abstract Reasoning ...........ccoovviiiiiiiiiiininiinnen. 86
447 Flatness and Curvature ............c..oveviiiiiinieeariiiinneaeeeeannns 88
4.4.8  Submanifolds of Euclidean Space ................ooviiiiiiiia, 101
449  Sectional CUrvature ...:.c...uiesssessessssssmesssssoses sossassssassos 104
4.4.10 Spaces of Constant CUIVAIUIE ......vvveeiiiirnnreeriiiininreeeennns 112
4.5 Going Through Riemann’s Text..........ccooooiiiiiiiiiiiiiiii i, 115



X Contents

5 Reception and Influence of Riemann’s Text.................c..coviiiiiii i 119
5.1 Helmholtz ..o e 119

5.2 The Further Development of Riemannian Geometry
and Einstein’s Theory of Relativity .........c.coooviiiiiiiiiiiiiciiiininnans 128
5.3 Lie and the Theory of Symmetry Groups ........cooceeviveeriniiiiinnnenans 133
5.4 Weyl and the Concept of the Connection on a Manifold..................... 134
5.5 Spaces as Tools for the Geometric Representation of Structures ............ 136
5.6 Riemann, Helmholtz and the Neo-Kantians .............o.ooieiiiin 137
5.7 The Axiomatic Foundation of GEometry ...........oovvveereriiineeeeiineenn. 138
5.8 ConventionaliSm ........cvviuuiiiiiieii i 142
5.9 Abstract Space CONCEPLS ...o.vvivririiriniiiiii i 144
6 Moderil RESCHECH s s « commns s vovmmes 5 conmos » x5 Spppan ¥ CRess § SERSS Frumss § oo 147
6.1 The Global Structure of Manifolds..............oooiiiiiiiiiiiiiiin, 147
6.2 Riemannian Geometry and Modern Physics..........cccooiviiiiniiinennan, 151
7 Selected Bibliography with Commentaries ...................ccociiiiiieen. 155
7.1 Different Editions of the Text.........cc.ovviiiiiiiiiiiiiiiiriiiii 155
7.2 BIblOGraphies .. ....c.oovuniiiiiiii i e 158
7.3 INtrodUCHONS . .oenntiiee ittt 158
7.4 Important Monographs and Articles ..........cooovvviiiiiiiiiiiiiiiiiiann, 160
GLOSSATY . ... e 163
Biographical Outline and Chronological Table......................ooociiiiinan 165





