Yearning for the

Impossible

The Surprising Truths

of Mathematics
Second Edition

John Stillwell

CRC Press
Taylor & Francis Group
Boca Raton London New York

CRC Press is an imprint of the
Taylor & Francis Group, an informa business

A CHAPMAN & HALL BOOK




Contents

Preface to the Second Edition

Preface

1

3

The Irrational

1.1 ThePythagoreanDream . . . ... ..............
1.2 The Pythagorean Theorem . .................
1.3 Irrational Triangles . . . ... ........ .. .......
1.4 The Pythagorean Nightmare . ................
1.5 Explaining the Irrational . . . ... ..............
1.6 The Continued Fractionforv2 . ... ............
1.7 Equal Temperament ... ...................

The Imaginary

2.1 Negative Numbers . ............ ... ......
2.2 TImaginaryNumbers .. ... ........ ... ......
2.3 SolvingCubicEquations . . . . .. ... ...........
2.4 Real Solutions via Imaginary Numbers . . .........
2.5 Where Were Imaginary Numbers before 15722 . . . . . ..
2.6 Geometry of Multiplication . . .. ... ...........
2.7 Complex Numbers Give More than We Asked for . . . ..
2.8 Why Call Them “Complex” Numbers? . . . .........

The Horizon

3.1 ParallelLines................... P
3.2 Coordinates . . . ... ... i
3.3 Parallel LinesandVision . . . . ... .. ... ........
3.4 Drawing without Measurement. . . . ... ... ......

xiii

vii

ix

11
15
18
22
28

33
34
38
41
44
45
49
55
59



Contents xiv
3.5 The Theorems of Pappus and Desargues . . ........ 83
3.6 The Little Desargues Theorem . ... ............ 88
3.7 What Are the Laws of Algebra? . ... ............ 92
3.8 Projective Addition and Multiplication . .......... 99

4 The Infinitesimal 104
41 LengthandArea. . ... .. ... ... un.... 105
42 VOlUIfie  c cossssrsvome st s i cme®mis 665s &as 107
4.3 VolumeofaTetrahedron. ... ................ 109
44 TheCircle v o i cu v wwos s vnmossamas vus 113
45 TheParabola......... ... ... .o, 116
4.6 TheSlopesofOtherCurves . .. ............... 120
4,7 SlopeandArea. . . ... ...t i 124
4.8 TheValueofw . ... ... ... ... .. ... ... .. ... 128
4.9 Ghosts of Departed Quantities . . ... ........... 130

5 Curved Space 134
5.1 Flat Space and MedievalSpace . ... ............ 135
5.2 The2-Sphereand the3-Sphere . . .. ... ......... 138
5.3 Flat Surfaces and the Parallel Axiom . . ... ........ 145
5.4 The Sphere and the Parallel Axiom . . . ........... 148
5.5 Non-Euclidean Geometry . .. ... .. ........... 153
5.6 NegativeCurvature . .. ... ................. 157
5.7 TheHyperbolicPlane . .................... 160
5.8 HyperbolicSpace . ... ..... ... ... ... ....... 167
5.9 Mathematical Space and Actual Space . . . . ... ..... 168

6 The Fourth Dimension 173
6.1 ArithmeticofPairs ... .................... 174
6.2 Searching for an Arithmetic of Triples . . . . ... ... .. 176
6.3 Why n-tuples Are Unlike Numberswhenn=3 . ... ... 178
64 QUAterNIoNS : : : s s s s v v s c s mmmas sawmens &5 182
6.5 The Four-Square Theorem. ... ... ............ 187
6.6 Quaternions and Space Rotations . . ............ 190
6.7 Symmetryin Three Dimensions . ... ........... 194
6.8 Tetrahedral Symmetry andthe24-Cell . . . . ... ... .. 198
6.9 TheRegularPolytopes . ... ................. 202



XV Contents

7 The Ideal 207
7.1 DiscoveryandInvention . . .. ... ............. 208
7.2 Division with Remainder . .................. 211
7.3 The Euclidean Algorithm . ... ............... 215
7.4 Unique Prime Factorization . . . . . ... ... ....... 218
7.5 GaussianIntegers . ... ... ..... .. ... ... 220
7.6 GaussianPrimes . ... ......... ... ., 224
7.7 Rational Slopes and RationalAngles . . . .. ... ... .. 227
7.8 Unique Prime FactorizationLost . . . ... ... .. .... 229
7.9 Ideals—Unique Prime Factorization Regained . . . . . . . 234

8 Periodic Space 239
8.1 ThelmpossibleTribar ... .................. 241
8.2 TheCylinderandthePlane .. ... ............. 243
8.3 Where the Wild ThingsAre . ................. 246
8.4 PeriodicWorlds . .. ......... .. ... .. ... ... 249
8.5 Periodicityand Topology. . .. ... .. ........... 253
8.6 A Brief History of Periodicity . ................ 258
8.7 Non-Euclidean Periodicity . . . .. ... ........... 263

9 The Infinite 268
9.1 FiniteandInfinite . . . . .« v v v s i e e v e 269
9.2 Potentialand Actual Infinity . . . ... ... . ... .. ... 271
9.3 TheUncountable . ... .................... 274
9.4 The Diagonal Argument . . . ... .............. 277
9.5 TheTranscendental . . . . .. ... .............. 281
9.6 Yearning for Completeness . .. ... ............ 286

Epilogue 289

References 293

Index 297






