Studies in Logic
Mathematical Logic and Foundations
Volume 40

The Lambda Calculus,
its Syntax and Semantics



CONTENTS

PREFACE............ i i vii
HINTS FOR THE READER ...... xiii

PART 1. TOWARDS THE THEORY . . .1

1. Introduction . ............. 3
1.1. Aspects of the lambda calculus . ..... 3
1.2. Complete partial orders and the Scott ~
topology . ..........ia.. 9
1.3. BXCrCiSes . v v v meminsimins 19
2.Conversion .............. 22

2.1. Lambda terms and conversion . . . . .. 22
2.2. Some variants of the theory ........ 35
23.SurveyofpartII................ 43
28 EXCICISOS : czov s w3 mins is bidnmsmd 49
3. Reduction . ......... R 1]
3.1. Notions of reduction . . . .......... 50
3.2 . Betareduction . ................ 59
33.Etareduction . . . ............... 63
34 SurveyofpartIII ............... 67

35 BXCICISES: o i v 556 w4 5y s ol 8 0% 73

4 Theories ................ 76
4.}, Lambda theories ............... 76
42 SurveyofpartIV ............... 83
43. EXCrCises . ... ..vvt i 85
SModels . ................ 86
5.1. Combinatory algebras . . . ......... 86
5.2. Lambda algebras and models . . . . . .. 91
5.3. Syntacticalmodels ............. 101

- 5.4, Models in concrete cartesian closed

CALCGOTIES: 5 s ssansmonvnsowsn 104
5.5. Models in cartesian closed categories 107
5.6. Other model descriptions; categorical

models. ..................... 116
5.7. SurveyofpartV............... 122 .
5.8. EXCTCISES . . 5555 ow s wi a5 5 5 5 8 127

PART II. CONVERSION . . ......129

6. Classical Lambda Calculus . . 131

6.1. Fixed point combinators ......... 131
6.2. Standard combinators . . ...... L..132
6.3. Lambda definability ............ 135
6.4. Numeral systems . ............. 139
6.5. More about fixed points; Godel
numbers .................... 141
6.6. Undecidability results . .......... 144
6.7. Self-referential sentences and the
recursion theorem . .. ........... 146
0.8 EXCICISES! .. 6.5 .2 526 30 65858 dmn 148
7. The Theory of Combinators .151
7.1. Combinatorylogic ............. 151

7.2. ReductionforCL . . ............ 154

T4, EXCICISes . . .sovovsssvanissins 163
8. Classical Lambda Calculus
(Continued) . . .. .... ... 165
8.1. Bases and enumeration . ......... 165
8.2. Uniformity; infinite sequences . . . .. 168
8.3. Solvability; head normal forms . . . . . 17

8.4. Definability of partial functions . . . .178
8.5. Exercises



X CONTENTS

9. TheAl-Calculus.......... 185
9.1. Genperalities . ................. 185
9.2. Definability .................. 187
9.3. Combinators ................. 192
9.4. Solvability ......... i B3 R b 199
95, EXCICISES = v svuvsgavgstmsvsmimn 213
10. Bohm Trees .. .......... 215
10.1:Basics i susssniwesqvramsnin 215
10.2. Companng Bohm trees; ine tree
topologyon A ............... 229
10.3. The Bohm out technique . ....... 245
10.4. Separabilityof terms . .. ........ 254
10.5. Separability in the A I-calculus . . . .260
10.6. Exercises . .................. 270
PART III. REDUCTION . . . ..... 273

11. Fundamental Theorems. . . .277

11.1. The Church-Rosser theorem . . . .. 271
11.2. The finiteness of developments . . . .283
11.3. The conservation theorem for NI . . 293

11.4. Standardization .............. 296
11.5. Exercises ................... 301
12. Strongly Equivalent

Reductions ............ 302
12.1. Reduction diagrams ........... 302
12.2. Strong versions of CR and FD! .. .311
12.3. Strong version of standardization . .317
124. Exercises . .................. 323
13. Reduction Strategies . .. . . . 324
13.1. Classification of strategies ....... 324
13.2. Effective normalizing and cofinal

Strategies «wovsvswsnivswimens 326
13.3. A recursive CR strategy . ........ 333
13.4. An effective perpetual strategy . . . .338
13.5. Optimal strategies . ............ 344
13.6. Exércises .. ................. 349
14. Labelled Reduction ... ... 352
14.1. Strong normalization . .. ........ 352
14.2. Applications . . . .............. 359
143. Continuity . ................. 364
14.4. Sequentiality and stability ....... 375
14.5. Exercises . .................. 382

15. Other Notions of Reduction 384

15.1. BH-reduction .. ............
15.2. BHQ-reduction . . . . .........
15.3. Deltareduction. . . ..........
154. Bxercises : v wswspswessgmss

PART IV, THEORIES

16. Sensible Theories

16.1. The theory 30 . . .. ..........
16.2. The theory X* . ............

16.3. 2%0 sensible theories

17. Other Lambda Theories

17.1. Semi-sensible and r.e. theories . . ..
17.2. Omega theories . . . ..........
17.3. Partial validity of the w-rule Ny . ..
174. Thew-ruleand ¥y . .. .......
17.5.Exercises . ................

PARTV.MODELS . .........

18. Construction of Models . .

18.1. The graph model Pw . ... ... ..
182. ThemodelsD,, . ............

18.3. The model B

18.4. Exercises . ............. ——

19. Local Structure of Models . .

19.1. Local structure of Pw
19.2. Local structure of D,

19.3. Continuous A-models . .. ... ...
19.4. Exercises . ................

20. Global Structure of
Models

20.1. Extensionality; categoricity

20.2. The range property ..........

20.3. Nondefinability results

20.4. Local vs. global representability . . .
20.5. The tree topology on models . ..
20.6. Exercises . ................

16.4. The theory® . . . .. 1 o e o
16.5. Exercises . ................

..............



CONTENTS xi

21. Combinatory Groups

21.1. Combinatory semigroups . . ... ... 532
21.2. Characterization of invertibility . ..535
21.3. The groups G(\n) and G(X*) . .. .547
21,4, BXercises «.wsuisinonesnsnsns 554

APPENDICES

Appendix A. Typed Lambda

Calculus .. ............... 561
A.1. The pure typed lambda calculus . . . .561
A.2. Primitive recursive functionals . . . . . 568
AJ3. Formulacastypes ............. 512

Appendix B. Illative Combinatory
LOGIC sws s s nimmmunnanss 573

Appendix C, Variables . . ..... 5717
Finalexercises ................... 581
Addenda ................ 582
References ............... 585
Indexof Names . ........... 599
Index of Definitions . ........ 605
Index of Symbols. . ......... 611



	moje 0001
	moje 0002
	moje 0003
	moje 0004
	moje 0005
	moje 0006
	moje 0007
	moje 0008
	moje 0009
	moje 0010
	moje 0011
	moje 0012
	moje 0013
	moje 0014
	moje 0015
	moje 0016
	moje 0017
	moje 0018
	moje 0019
	moje 0020
	moje 0021
	moje 0022
	moje 0023
	moje 0024
	moje 0025
	moje 0026
	moje 0027
	moje 0028
	moje 0029
	moje 0030
	moje 0031
	moje 0032
	moje 0033
	moje 0034
	moje 0035
	moje 0036
	moje 0037
	moje 0038
	moje 0039
	moje 0040
	moje 0041
	moje 0042
	moje 0043
	moje 0044
	moje 0045
	moje 0046
	moje 0047
	moje 0048
	moje 0049
	moje 0050
	moje 0051
	moje 0052
	moje 0053
	moje 0054
	moje 0055
	moje 0056
	moje 0057
	moje 0058
	moje 0059
	moje 0060
	moje 0061
	moje 0062
	moje 0063
	moje 0064
	moje 0065
	moje 0066
	moje 0067
	moje 0068
	moje 0069
	moje 0070
	moje 0071
	moje 0072
	moje 0073
	moje 0074
	moje 0075
	moje 0076
	moje 0077



